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Transonic Laminar Viscous-inviscid
Interaction over Airfoils

Tsze C. Tai*
Naval Ship Research and Development Center, Bethesda, Md.

A theoretical model consisting of an inviscid external flow and a viscous boundary-layer flow is formulated
for the subject problem. Procedures developed independently, for these two separate flows are combined to
enable an analysis of the viscous-inviscid interaction problem at transonic speeds. Both attached and separated
boundary layers are considered for either weak or strong interactions. The systems of resulting ordinary dif-
ferential equations for both flows are coupled by the streamline angle of the inviscid flow at the edge of the
boundary layer and are integrated simultaneously for strong interactions. The weak interaction is accounted for
by simply correcting the airfoil surface with the boundary-layer displacement thickness. Theoretical results are in
good agreement with recent laminar experimental data, it is found that for supercritical flows, a strong in-
teraction usually occurs regardless of whether the laminar boundary layer is attached or separated. The viscous-
inviscid interaction process terminates the embedded supersonic flow earlier than does the inviscid shock.
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Nomenclature
= speed of sound; also profile parameter

= viscosity
= kinematic viscosity
= gas density normalized by its freestream value
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d
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- pressure coefficient
= chord length of an airfoil
= 6j/d * , the shape factor
= velocity profile quantities

= Mach number
= number of effective regions
= static pressure normalized by its freestream value
= Reynolds number
= entropy
= orthogonal curvilinear coordinates measured
along and normal to the airfoil surface, nor-
malized by the chord length

= velocity components in Cartesian coordinates,
normalized by the freestream velocity

= velocity components along and normal to the
airfoil surface, normalized by the freestream
velocity

= freestream velocity
= Cartesian coordinates normalized by the chord
length

= angle of attack
= oblique shock angle
= specific heat ratio
= boundary-layer thickness
= boundary-layer displacement thickness nor-
malized by the chord length

= induced streamline inclination at the edge of
boundary layer with respect to local surface

= surface inclination with respect to the direction
of freestream velocity

= transformed boundary-layer momentum
thickness
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Subscripts
e = edge of boundary layer
/ = transformed incompressible plane
j =yth field strip boundary
0 = initial condition
1,2 = conditions before and after shock wave
oo = freestream condition

Introduction

SEVERAL methods are available for determining
the inviscid transonic flow about airfoils. The

strength and the location of the embedded shock wave predic-
ted by such methods generally differ from experimental
measurements because of the viscous effect near the surface
of the airfoil.1"3 If the shock wave is strong enough to cause
flow separation, the viscous layer thickens rapidly. In such
cases, the surface flow properties cannot be specified in ad-
vance, as in the usual formulation of boundary-layer theory,
but are determined by interaction of the outer inviscid flow
and the inner viscous flow near the surface. This has been
referred to as the transonic viscous-inviscid interaction
problem.

The phenomenon of the transonic viscous-inviscid in-
teraction was first investigated experimentally by Liepmann4

and Ackeret et al.5 Previous theoretical analyses on viscous-
inviscid interactions have been concerned primarily with
supersonic external flows. Those by Lighthill,6 Lees and
Reeves,7 and Klineberg and Lees8 are typical examples.

In contrast to supersonic free interaction, the problem of
viscous-inviscid interaction in the transonic region is com-
plicated by the fact that the inviscid flowfield is governed by
mixed elliptic and hyperbolic partial differential equations for
a compressible fluid flow. Because the major portion of the
flowfield is of the elliptic type, the velocity at the edge of the
boundary-layer at any location depends on the complete
displacement thickness distribution. At the same time, the
solution must satisfy the constraints characterized by the in-
viscid supercritical flows—the regularity condition at sonic
points. The complete solution, therefore, involves tedious
iterative procedures. Some advances in the area of laminar
viscous-inviscid interactions at transonic speeds were recently
made by Klineberg and Steger9 and Brilliant and Adamson.10

The former paper treats the interaction by using a boundary-
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layer integral approach, combined with a finite difference-
relaxation method for the small disturbance equations of the
external flow. Inviscid and viscous flows are treated
separately even for strong interactions. The latter uses the
method of matched asymptotic expansion for an incident
shock interacting with an unseparated laminar boundary layer
in transonic flow.

In the present paper, the transonic inviscid solution by the
method of integral relations11'12 is coupled with the integral
method, developed by Lees and Reeves7 and refined by
Klineberg and Lees8 for compressible attached and separated
laminar boundary layers. The transonic inviscid solution
replaces the simple Prandtl-Meyer relations originally used
for supersonic free interactions.

Theoretical Considerations

Description of Transonic Viscous-Inviscid Interaction
The schematic of the transonic viscous-inviscid interaction

over an airfoil surface is represented in Fig. 1. The embedded
supersonic region of a supercritical flow has to be terminated
by a shock wave to bring the downstream flow back to the
subsonic state, and the shock foot is smeared into a series of
compression waves as a result of viscous-inviscid interactions.
The presence of an adverse pressure gradient due to the com-
pression before the shock usually causes the boundary layer to
separate from the surface for either laminar or turbulent
boundary layers. However, the flow behavior near the shock
differs considerably, depending on whether the boundary
layer is laminar or turbulent ahead of the point where it meets
the shock. n The pressure rises more rapidly for turbulent
than for laminar layers,U3 while the displacement thickness
of the boundary layer increases considerably through the
shock, more so for laminar than for turbulent layers.5

Reynolds number has a strong effect on the interaction in the
case of laminar boundary layers but almost no effect for tur-
bulent flows. *'5 In any event, the basic features of boundary-
layer thickening and pressure rising are common for both
layers.

Beyond the separation point, the boundary-layer flow is
divided into two regions by the dividing streamline.7'14'15 The
flow above this streamline includes all the fluid contained in
the boundary layer just upstream of separation. Below this
streamline, the flow yields a separated pattern with reversed
profile near the wall. Two kinds of separated-flow pattern
have been observed by Pearcey et al. for turbulent boundary
layers.16 One deals with a local separation bubble caused by
the shock; the other is involved with rear separation and
depends on the magnitude of the pressure gradient ap-
proaching the trailing edge and on the upstream history of the
boundary layer.

The pressure rises continuously in the subsonic portion
although its gradient decreases steadily after the toe of the
shock.16 This feature differs from that of a supersonic free in-
teraction in which the incident shock is reflected as an ex-
pansion fan which turns the flow toward the surface and thus
enables the reattachment of the boundary layer.7 In the tran-
sonic case, however, the shock is an embedded one which
serves as part of the compression process of the flow over the
rear of the airfoil; whereas, the boundary layer, especially the
laminar one, does not have sufficient energy for reattachment
against continuous adverse presure gradients and, therefore,
remains separated all the way toward the trailing edge.
Strong vs Weak Interactions in Laminar Flows

In analysis of viscous transonic flows, it is necessary for the
analytical model of the viscous system to have the capability
of allowing communication of positive pressure disturbance
from the embedded shock wave upstream through the sub-
sonic portion of the boundary layer. The usual formulation of
the boundary-layer theory in which the boundary-layer
properties are dictated by the inviscid solution through the

INVISCID FLOW
REGION

VISCOUS FLOW
REGION

INVISCID FLOW
REGION

Fig. 1 Transonic viscous-inviscid interaction over airfoils.

specified pressure distribution does not provide such a
capability. The positive pressure disturbance which
propagates upstream from the shock wave exerts no influence
on the boundary-layer behavior. The solution experiences a
discontinuity at the shock as dictated by the inviscid pressure
jump, rather than a gradual increase as experimentally ob-
served.

Such a discrepancy may be removed by solving the outer in-
viscid and inner boundary-layer flows simultaneously. The
two flows are coupled by a common variable with the surface
pressure being calcualted by the viscous equations to directly
account for the propagation of positive pressure disturbance
upstream through the viscous layer. The communication of
the pressure disturbance through the viscous layer becomes
possible in the sense that the flow inside the viscous layer is
subcritical and that the laminar boundary layer is no longer
dictated by the inviscid pressures. The viscous system is linked
to the inviscid system through a common variable by which
the change of flow properties of the outer flow may be
transmitted to the inner flow, or vice versa. The new system
model is referred to as the strong interaction formulation; the
usual boundary-layer system, as the weak interaction.

The strong interaction formulation may be applied to at-
tached, as well as separated, laminar boundary layers. When
applied to attached flows, the boundary layer usually
separates in a short distance. If the same flow were to be
treated by the weak interaction system, numerical experiments
indicate that the boundary layer would remain attached until
shock jump was encountered. This gives further indication
that the strong interaction system is more suitable in
simulating the shock wave/boundary-layer interaction
process than is the usual boundary-layer correction. On the
other hand, the use of weak interaction formulation is
preferred in the forward portion of the airfoil where the
viscous-inviscid interaction is presumably weak.

Inviscid Flow
Governing Equations

The partial differential equations that govern a steady, in-
viscid flow can be written in a Cartesian coordinate system as

Continuity:

x-Momentum:

3/dx(KP+pU2) +d/dy(pUV) =0

(1)

(2)

.y-Momentum:

d/dx(pUV)+d/dy(KP+PV2)=0 (3)

State:

(4)

The boundary conditions are as follows: at the edge of the
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Fig. 2 Coordinate systems and flow regions.

boundary layer, the vertical velocity is coupled to that of the
viscous system, i.e.,

Ve=Meaesin (®f 6) (5a)

at infinity, the flow is undisturbed, i.e.,

P=p=U=l; V=0 (5b)

Method of Integral Relations

The inviscid flowfield is treated as a series of different ef-
fective regions; a two-strip approximation is incorporated in
each region. The solution of the outer region provides the
boundary condition for the next inner region, and so on. n«12

Therefore, one needs only to determine flow properties along
two-strip boundaries in each region, the base boundary and
the field boundary; see Fig. 2. The merit of the new strip
arrangement is that it allows the use of a large number of
strips without requiring the higher-order polynomials which
usually cause numerical difficulties in actual computation. To
apply the scheme to the present problem, the base boundary is
set at the edge of the boundary layer. The field strip boun-
daries are set up exactly the same way as in the inviscid
cases.11'12

Inviscid Ordinary System

The ordinary differential equations for the inviscid external
flow reduced by means of the N-2-strip integration scheme
associated with the method of integral relations are

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
where Fe, Ge, Fjy and Gj have been given elsewhere.17 The
subscript e denotes the condition at the edge of the boundary
layer; the indexy, the condition at theyth field-strip boundary;
j varies from 1 to N, where N is the number of _effective
regions; see Fig. 2. The total number of strips is N=N+L
Note that Eqs. (12) and (13) allow entropy change across the
shock wave which retains a finite strength in the external
flowfield.

dUe/dx=Fe

dVe/dx=Ge

c-ui-y
C-l

dUj/dx=Fj

dVj/dx=Gj

_ r (c-i)(pt2/Pt2)j-uj-vj - i"<7-/>

Viscous Flow
Governing Equations

In view of the thick viscous layer involved in the separated-
flow region, it would be appropriate to integrate the full set of
Navier-Stokes equations in the present problem. However,
boundary-layer equations are still adequate for describing the
essential physical features of the viscous flow. The application
of the boundary-layer method in the separated region has
been proved a posteriori for the supersonic free interac-
tions.7'8 In the present analysis, the Reynolds number of the
flow is kept sufficiently large to further assure the validity of
the thin boundary-layer approximation.

The governing equations for a compressible laminar boun-
dary-layer flow in coordinates parallel and normal to the sur-
face are

Continuity:

d(pu)
ds

d(pv)
dn = 0 (14)

s-Momentum:
du du dP

pu—- + pv—- = -K ——
ds dn ds

The boundary conditions are as follows: at the surface,
u = v = 0; at the edge of the boundary layer, u = ue(s) for weak
interaction, and u2 + v2=V2

e /sin2(©+0) for strong in-
teraction. It is noticed that Ve is obtained from the inviscid
solution. The coupling of the viscous and inviscid flows is
discussed in detail later.

Integral Method
An integral method is employed in the viscous region for

both attached and separated laminar boundary layers.
Following the procedure of Klineberg and Lees,8 the gover-
ning equations for the viscous flow, Eqs. (14) and (15), are
transformed into an equivalent incompressible form by means
of the Stewartson transformation.18 The velocity profile
based on an incompressible similarity solution can therefore
be used in the integral approach. The resulting partial dif-
ferential equations in a transformed incompressible plane,
along with the equation for the rate of change of mechanical
energy, i.e., the moment of momentum, are then integrated
across the boundary-layer from n = 0 to n = 5. In performing
the integration, the parameter a is employed to denote the
velocity profile for both attached and separated boundary
layers. Profile quantities are then defined as functions of a.8

For attached boundary layers, the parameter a possesses a
physical meaning in that it is proportional to the shearing
stress at the wall.19 The separated velocity profiles are
analogous to the "lower branch" of the similarity solution
found by Stewartson.20

Viscous Ordinary System for Strong Interactions

The resulting ordinary differential equations are

where

D =

dd-/ds=Nj/D

da/ds=N2/D

dMe/ds=N3/D

dJ

(16)

(17)

(18)

Meafe
[(H/-2HF-F) —— + J(l-H+3F-f)]

dH (19)



1068 T.C. TAI AIAA JOURNAL

(l + me)tan
~ ] (20)

N2 =
Ma

Me(dH/da)

+ R(Hf-2HF-F)

[JQ(3F-f)

^^-J(1-H)1 (21)
l-^oo) -J

[Q(J-F(dJ/dH) +R(F-H) ]

(l+me)tan®

f=(2 +

F=H+(l + me)/me

J+l me ,

(22)

(23)

?7-7 M2
e-l

7-7 me(l+me)

m=(y-l)M2/2

Re^ = VQDd-c/v00

(24)

(25)

(26)
where variables a, H, /, Q, R, and Z have been defined in Ref.
8. Curve-fitted polynomials, based on the similarity solution
of the classical boundary-layer theory, are given in Ref. 8 for
attached and separated flows, and in Ref. 21 for wake-reverse
and wake-forward flows. They are summarized in Ref. 17.

Reduced Viscous System for Weak Interaction
In case of weak interactions, the static pressure at the edge

of the boundary layer is specified by the inviscid solution for
which the boundary-layer properties are calculated. The value
for dMe/ds then becomes an input term. The system of
equations is reduced to

ds

da
~ds

ds

(HR-JQ)+J(1-H) dMe -I,
~d7~ V

(28)

The reduced system of equations has a saddle-type
singularity when J=H(dJ/dH). It corresponds to # = 0, i.e.,
the location of separation. It is therefore related to the
separation-point singularity of the classical boundary-layer
theory.
Initial Conditions for Viscous Flow

Because of Me terms in the denominator of the weak in-
teraction equations, the viscous solution has to start a short
distance away from the stagnation point. According to
Klineberg and Steger,9 the flow near the leading edge is
locally similar, i.e.

The derivation procedure is simplified for thin airfoils where
the small disturbance approximation is valid. Therefore, we
will use small disturbance equations for determining the
initial conditions and then evaluate the validity of the ap-
proximation for the case of blunt airfoils.

With the small disturbance approximation, the differential
equations for the weak interaction [Eqs. (27) and (28)] can be
written as 9

dJ

-J) (30)

ds

(31)

Substituting Eq. (31) into Eq. (30) and integrating with con-
stant profile quantities in accordance with Eq. (29), there
results

R+2HR-3QJ
J(l-H) •i (32)

Elimination of 5* between Eqs. (31) and (32) with the aid of
Eq. (29) leads to

QJ-HR=2(R+2HR-3QJ)s0(dMe/ds)( (33)

The value of a at the initial point is obtained by solving Eq.
(33) numerically from the known initial arc length s0 and
velocity gradient (dMe/ds-) 0. The initial value for 6;* is then
found from Eq. (32).

As mentioned previously, Eqs. (32) and (33) will be good
only in case of thin airfoils for which the small disturbance
approximation is valid. In fact, the numerical results show
that the final values of 6,* and a are insensitive to their initial
conditions. This is indicated in Figs. 5 and 6 of Ref. 17 where
the values of a and <5* are plotted vs x for the case of an
NACA 0015 airfoil at M00 = 0.729 and a = 4°. The in-
dependence may be attributed to the fact that the airfoil sur-
face has been updated repeatedly during the solution process;
thus, some inaccuracies of the initial conditions may have
been absorbed in the iteration process. For these reasons, Eqs.
(32) and (33) can also be employed for blunt airfoils.

Coupling of Two Flows
In case of strong interactions, the viscous system is coupled

directly to the inviscid system by the induced angle of inviscid
streamline at the edge of the boundary layer

-1 [ g (inviscid)

™ eae (viscous)
(34)

dH/ds = 0 or da/ds = (29)

where Ve is calculated by the inviscid system, while the
velocity magnitude Meae is obtained by the viscous system.
The variable ©is a common variable for both inviscid and
viscous systems and, therefore, governs the viscous-inviscid
interaction process. Since the two flows are coupled by the in-
viscid streamline angle rather than the streamline itself, mass
transfer between the outer inviscid and inner boundary-layer
flows is allowed in accordance with the continuity equations
by which the variable @is introduced in the viscous system.

dd*/ds = tan@+(5-d*)d/ds[ln(Peue)] (35)

The value of ©, which is determined by the viscous-inviscid
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Fig. 3 Analysis of viscous-inviscid interaction.
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Fig. 4 Iteration procedures for solving the subject two-point
boundary value problems.

interaction, has direct bearing on the growth of the boundary
layer.

The use of ©as the interaction parameter is analogous to
that in supersonic free-interaction problems7'8 (see Fig. 3).
However, in the present analysis, the transonic inviscid
solution replaces the Prandtl-Meyer relations ©= © (Me)
as used in supersonic free interactions.7'8 The present ap-
proach also differs from that of Klineberg and Steger9 in
which the Ve values were prescribed rather than calculated.
Although the prescribed Ve values were improved suc-
cessively, the viscous and inviscid flows had to be treated
separately even for strong interactions.

Ue=(M2
ea2

e-V2
e) (36)

Therefore, Eq. (6) of the inviscid system, which also gives Ue,
becomes redundant.

For weak interactions, the inviscid and viscous flows are
linked indirectly. As in a usual procedure, the boundary-layer
quantities are calculated based on the specified inviscid
pressure distribution, and the inviscid solution is updated
based on the surface augmented by the boundary-layer
displacement thickness. In so doing, the two flows are con-
nected at the locus_of the boundary-layer displacement
thickness. The latter serves as a "streamline" through which
mass transfer or more importantly, direct communication
between the outer inviscid and inner boundary-layer flows is
prohibited.

The inviscid equations associated with the weak interaction
are the same for the strong interaction, except that here Eq.
(6) for Ue must be used, and Eq. (7) for Ve is replaced by the
condition at the edge of the boundary layer.

Ve=Uetan(®+6)

Numerical Calculations

(37)

With the previously described set of ordinary differential
equations for both inviscid and viscous flows, the numerical
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Fig. 5 Determination of initial location of strong interaction region
for a 697o circular arc.

integrations were carried out simultaneously for both flows
along the longitudinal axis x by using a standard fourth-order
Runge-Kutta method. Similar to the inviscid problem,12 the
complete solution procedure consists of five iteration
processes which are illustrated in Fig. 4 and are briefly
described as follows.
Upstream Integration (Iteration I)

The iteration process here is concerned with the feedback of
the geometric and flow properties in the stagnation region to
the upstream flow. Since no boundary layer builds up in the
upstream, the iteration process is identical to that for a pure
inviscid flow.12

Treatment of Sonic Point (Iteration II)

The sonic point regularity condition in a supercritical flow
is satisfied by an iteration process using the weak interaction
equations. The procedure is exactly the same as for the in-
viscid flow,12 except that the airfoil surface is augmented by
the boundary-layer displacement thickness. The inviscid flow
is then recalculated on the basis of the newly augmented sur-
face, and the resulting pressure distribution is used for
another round of viscous computation. The procedure is
repeated until the updating is converged. If the strong in-
teraction takes place immediately after the sonic point, the
present iteration is combined with that for the initial location
of the strong interaction region as shown in Fig. 5.
Determination of Initial Location of Strong Interaction Region
(Iteration HI)

The iteration process for the initial location of the strong
interaction region is equivalent to that for the determination
of the shock-foot location in a pure inviscid flow,12 since the
shock foot is smeared in the strong interactions, whereas, the
upper portion of the shock still retains a finite strength in the
external inviscid flow. Unlike the case of pure inviscid flow,
here the pressure disturbance caused by the shock can be
propagated upstream in the embedded supersonic region
through the viscous portion of the flow.

During the iteration process, the strong interaction cal-
culations are initiated at a number of assumed locations.
The values of the boundary-layer displacement thickness 6*
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and the velocity profile parameter a are kept continuous at
these locations. Furthermore, the velocity gradient at the edge
of the boundary layer is made continuous by adjusting the in-
clination of inviscid streamline at the edge of the boundary
layer. The integration resumes down to the trailing edge and
finally through the downstream region, f The results for each
assumed initial location of the strong interaction are then
checked to determine whether the downstream boundary con-
dition is satisfied by a bracketing procedure, i.e., the
freestream value if bracketed by two integral curves based on
two initial locations.12 If the strong interaction takes place
immediately after the sonic point, the iteration process for the
forward sonic point is combined with that for the initial
location of the strong interaction region as mentioned
previously.
Integration for Subcritical Flow (Iteration IV)

The iteration developed here for the integration of sub-
critical flow is basically similar to that of the inviscid for-
mulation, 12 except that the airfoil surface is repeatedly up-
dated by the boundary-layer displacement thickness in ac-
cordance with the weak interaction formulation.

Enforcement of Kutta Condition (Iteration V)

One way of stating the Kutta condition is that the velocity
discontinuity at the trailing edge be zero.22 Since the static
pressure is assumed to be constant across the boundary layer,
the Kutta condition is satisfied by matching the static
pressures at the trailing edge from integrations along both the
upper and lower surfaces. The iteration procedure is therefore
very much the same as in the inviscid formulation,12 except
that here the viscous-inviscid interactions are accounted for
according to the aforementioned procedures.

The above procedures are formulated for flow conditions
where the shock wave does not touch the boundary of the strip
adjacent to the airfoil. This boundary is usually set between
0.7-0.9 chord length to allow a full development of the local
supersonic flow. In fact, the present size of the supersonic
pocket covers almost all supercritical flows of practical in-
terests. The physical boundary has even less restraint on the
severity of the viscous-inviscid interaction since the latter
depends on how favorable the supersonic flow is developed23

rather than on the size of the embedded supersonic region.

Results and Discussion
Results of calculations at supercritical freestream Mach

numbers are presented for both a 6% circular arc and an
NACA 0015 airfoil. Flow conditions were chosen to enable
comparisons with available experimental data. Since
Iterations II-IV were nonnegotiable, they were all carried out
accordingly. Iterations I and V converged converged within
2.5%.

The viscous results were calculated in terms of boundary-
layer quantities in a transformed incompressible plane. Figure
6 gives the boundary-layer displacement thickness throughout
a 6% circular arc airfoil at M00 = 0.868 and Re00=6.9
x 104. The thickening of the boundary layer in the forward
portion follows a similar trend as that found by Schubauer,
using the Karman-Polhausen method;24 however, the present
method gives a far more realistic <5 distribution pattern in the
rear portion.

The corresponding distribution of the boundary-layer
shape factor H and the parameter a is presented in Fig. 7. The
boundary layer is practically of the Blasius type (a= 1.857) in
the leading-edge region and varies slightly throughout the for-
ward portion of the airfoil. It remains unseparated through

tThe integration in the downstream region is carried out
simultaneously for both the upper and lower flowfields with a dividing
streamline that separates the shear layers shed from the trailing edge.
The geometry of the dividing streamline is determined in such a way
that slope vanishes from the trailing edge value asymptotically in
the downstream.
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Fig. 7 Velocity profile parameter and shape factor for a 6% circular
arc at M^ = 0.868 and Re~ = 6.9 x 104.
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Fig. 8 Pressure distribution over a 6% circular arc at
and a = 0°.

0.868

the embedded supersonic region although the viscous-inviscid
interaction has been strong since x = 0.37. The separation
point is found when a - 0 which corresponds to zero shearing
stress at the wall.

The boundary layer keeps separated over the rear of the air-
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Fig. 9 Pressure distribution on an NACA 0015 airfoil at M^ = 0.729
and cx = 4°.
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Fig. 10 Flowfield of a NACA 0015 airfoil at M^ =0.729, a = 4°,
and Re^= 0.145 xlO 6 .

foil where small adverse pressure gradients are generated by
continuous compression of the outer subsonic flow. This is a
physical feature of the transonic viscous-inviscid interaction
since by compression, the flow ought to return almost to the
freestream value downstream. After leaving the trailing edge,
the viscous wake contains a reversed flow for a distance and
then turns to forward flow downstream. The location of the
rear stagnation point agrees well with that found by Klineberg
and Steger9 under similar flow conditions.

As mentioned previously in Iteration III, the flow tends to
bracket rather than asymptotically approach the freestream
value far downstream. The distribution of variables <5*, H,
and a in Figs. 6 and 7, respectively, give representative mean
values after x= 1.5. Analytical results for the 6% circular arc
airfoil compare very well with recent laminar experimental
data of Collins and Krupp25 as presented in Fig. 8, not only in
pressure distribution but also in the separation point. The
small difference in freestream Mach number between theory
and experiment was deliberately selected to offset wind-tunnel
interference effects.26 Figure 8 also shows the inviscid isen-
tropic and nonisentropic solutions obtained by using the
method of integral relations with three different shock con-
ditions. Note that the shock foot is smeared as a result of the
strong viscous-inviscid interaction. The inviscid result with
AS>0 and 0 = 75° simulates the flow best in the region near
the shock; however, it still deviates from the viscous data in
the trailing edge. The difference is obviously attributable to
the thickening of the laminar boundary layer toward the
trailing edge.

On the other hand, comparisons between theory and ex-
periment for the NACA 0015 airfoil were jeopardized because
of lack of available laminar test data. Measurements available
for this case were taken from Graham et al.27 at Reynolds
numbers on the order of 2x 106; the flows were, therefore,
turbulent. The calculated laminar result is in good agreement
with the experimental data in the forward portion of the air-
foil; however, there is considerable discrepancy in pressure

near the trailing edge; see Fig. 9. The discrepancy may be at-
tributed to the extended separation of the laminar boundary
layer, which would be unlikely to occur if the boundary layer
were turbulent. Since the method of utilizing reversed-flow
velocity profile was originally attempted for application to
cases with small adverse pressure gradients,28 this discrepancy
also raised questions regarding the validity of its use in
separated boundary layers with strong adverse pressure
gradients.

Finally, Fig. 10 shows the overall flowfield of the NACA
0015 airfoil at M^ -0.729, a = 4°, and Re^ =0.145 x
106, based on the chord length. The calculated boundary layer
is fairly thin because of the high Reynolds number used. The
separated boundary layer on the lower side is thicker than that
on the upper side because the latter is developed from a very
thin attached layer in an accelerating external flow prior to the
shock wave. In any case, the basic features of the transonic
viscous-inviscid interaction are clearly seen. The compression
waves in the region near the shock are represented by the
Mach lines. Being normal to the edge of the boundary layer,
the Mach one line represents the end of a smearing shock toe
rather than the whole shock. The mechanism of the com-
pression has been designated in the literature as the "lambda
shock," which serves as part of the decelerating process of the
flow over the rear of the airfoil, where the laminar bound-
ary layer does not have sufficient energy for reattachment
against continuous adverse pressure gradients and, therefore,
remains separated all the way to the trailing edge.

It is also interesting to note that the viscous-inviscid in-
teraction process terminates the embedded supersonic flow
earlier than does the inviscid shock. The result is not sur-
prising since the interaction process has weakened the strength
of the shock wave; in turn, it moves the shock forward. n'12'29

However, because of change of local velocity distribution, the
height of the supersonic pocket determined by the present
analysis is slightly higher than that obtained by the inviscid
solution. The present result of the height of the supersonic
pocket remains to be verified by appropriate experiment or
other valid analysis.

Conclusions
The boundary-layer integral method coupled with the in-

viscid method of integral relations provides a relatively simple
and adequate means for analyzing the essential features of
transonic laminar viscous-inviscid interaction over airfoils.
The advantage of the integral relationship in both inviscid and
viscous flows is that it allows the flow properties to be com-
puted simultaneously for direct coupling of two flows in
strong interaction regions. A limited comparison of the
present results for surface pressure, as well as separation
point, with recent laminar experimental data yields good
agreement.

For supercritical flows, a strong interaction usually occurs,
regardless of whether the laminar boundary layer is attached
or separated. The boundary layer will eventually become
separated even though it is still attached at the shock. In the
transonic case (unlike the supersonic), once the laminar boun-
dary layer is separated, it remains separated downstream of
the shock. The upper portion of the shock wave retains a
finite strength in the external inviscid flow, whereas the shock
foot is smeared in the strong viscous-inviscid interaction. The
interaction process terminates the embedded supersonic flow
earlier than does the inviscid shock. In case of subcritical
flows, on the other hand, a weak interaction is usually in-
volved, even if the boundary layer has been separated.
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